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On the Perspective Jonquieres Involutions Associated 
with the (2, 1) Ternary Correspondence. 

By Paul Prentice Boyd. 



Introduction. 

In 1871 Clebsch* developed a correspondence between two planes such that 
two points of one plane are made to correspond to one point of another plane, 
while to a point of the first corresponds but one on the second. The corre- 
spondence was made to depend upon the bisection of Abelian functions connected 
with a curve of the fourth order, lying in a so-called double plane, which is so 
related to a surface that to a point on the surface there corresponds one point 
in the plane, but to a point on the plane there correspond two points on the 
surface. Inspired by this article, de Paolis,f in 1877, worked out the general 
theory of such a (2, 1) correspondence between two planes entirely independent 
of any surface depiction. This theory, as he remarked, naturally presents itself 
immediately as a first generalization of the rational transformations of Cremona. 
In a second paper de Paolis carried the discussion over into non-euclidian 
geometry, and in a third paper he worked out the analytic details of that (2, 1) 
transformation with which the Geiser involution J is associated. Noether, § 
in 1878, published a note concerning the (2, 1) transformation associated with 
the involution of order 17 discovered by Bertini,|| and again in 1889 published 
two extended articles involving the same transformation. 

* Clebsch: "Ueber den Zusammenhang einer Classe yon Flachenabbildungen mit der Zweitheilung der 
Abel'schen Functionen," Mathematische Annalen, Vol. Ill (1871). 

f Riccardo de Paolis: 1. "Le trasforniazioni piane doppia." 2. "La trasformazione piana doppia di 
seeondo ordine, e la sna applicazione alia geometria non euclidea." 3. "La tras. p. dop. dl terzo ord. prim, 
gen. e la sua app. a curve del quarto ord." Alii della B. Accademia dei Uncei, Serie 3, T. 1, 2, 1877. 

X Geiser: "Ueber zwei geometrische Probleme," Journal fur Mathematik, Vol. LXVII (1867), pp. 78-89. 
Milinowsky: "Bemerkung zu der Geiser'schen. . . ," Journal fur Mathematik, Vol. LXXVII (1874), pp. 263-268. 

§ M. Noether: "Ueber die einzweideutigen Ebenentransformationen," Sitzungsber. der physik.-medic. Soc. 
zu Erlangen, Jan. 14, 1878. "Ueber eine Classe von auf die einfache Ebene abbildbaren Doppelebenen," 
Math. Annalen, Vol. XXXIII (1889), pp. 524-545. "Ueber die rationalen Flachen vierter Ordnung," Math. 
Annalen, Vol. XXXIII (1889), pp. 546-571. 

|| Bertini: "Ricerche sulle trasformazioni univoche involutorie nel piano," Annali di Mat., Serie 2, T. 8, 
1877, pp. 11-23; 146; 244-286. 
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In the first of these two articles Noether classified the (2, 1) transformations 
according to three of the four irreducible types of involutions found by Bertini 
in 1877-1880 — the perspective Jonquieres,* the Geiser and that of order 17. 
Clebsch's work came under the second class, and, as before mentioned, de Paolis 
worked out the same in great detail in his third paper, de Paolis gives, at the 
end of his first paper, a table stating the possible fundamental configurations in 
the two planes for orders of transformation from 1 to 10, and for nets of curves 
of genus and 1. He also states the facts for n (the order of the transformation) 
= 4, p (genus of net) = 2; n = 5, p = 2; «=5, p = 3; n = 6, p=3. Other writers 
have treated special quadratic transformations, f SchottkyJ has treated the 
subject in connection with Abelian functions. § 

Aside from the work of Noether, nothing has been done with the third class 
of (2, 1) correspondences — that involving the involution of order 17. || No com- 
plete analytic treatment has yet appeared. Aside from the cases mentioned by 
de Paolis of n = 2, p = 0; and rc = 4, p = 2: n = 5, p = 3; n = 5, p = 2, all of 
which involve involutions that are perspective Jonquieres or that reduce to such, 
no work has been done upon the first class. It is the purpose of this paper to 
give a general synthetic and analytic treatment of the (2, 1) correspondence 
associated with perspective Jonquieres involutions and to connect with this the 
depiction of certain surfaces upon the two planes. 

I. The (2, 1) Ternary Correspondence. 

Suppose we have a correspondence established between the points of two 
planes, 2 and 2', of such a character that to one point X of 2 there corresponds 
a single point Fof 2', but that to a point Fof 2' correspond two points X and X 
in 2. This correspondence will be denoted by the symbol (2, 1) or simply T 21 . 
The plane 2 is called the simple plane, and 2' the double plane. If, further, 

* de Jonquieres : "Memoire sur les figures isographiques . . . .," produced in 1859, presented to Paris 
Academy, 1860, published in Batt. <?., Vol. XXIII (1885), pp. 48-73. "De la transformation geometrique des 
figures planes," Nouv. Ann., Ser. 2, T. 3 (1864), pp. 97-111. 

t V. Retali: "Memorie dell' Instituto de Bologna," Series 4, Vol. X. 
H. Liebmann : "Die einzweideutigen projektiven Punktverwandtschaften der Ebene," Dissertation, 
Jena, 1895. 

JSchottky: "Zur Theorie der Abel'schen Functionen von vier Variabeln," Grelle, Vol. CII. "Ueber 
specielle Abel'sche Functionen vierten Ranges," Grelle, Vol. CIII. 

§ R. Sturm ("Die Lehre von den geometrischen Verwandtschaften," Vol. IV, Chap. IX) gives a general 
treatment of the [2, 1] correspondence and works out in detail the cases of « = 2 ; n = 3, p=0; n = 3, p = 1 . 

|| For the derivation of the equations of this involution see V. Snyder: "The Involutorial Birational 
Transformation of the Plane of Order 17," Am. Jour, of Math., Vol. XXXIII, pp. 327-336. 
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the correspondence is such that the image in 2' of a line in 2 is a curve C„ of 
order n, and the image in 2 of a line in 2' is a curve C n also of order n, the 
correspondence or transformation is said to be of the n-th order. The rational 
character of the transformation from 2 to 2' insures that the curves of order n 
in 2', which are images of lines in 2, shall be unicursal, while in the trans- 
formation from 2' to 2 the genus is not preserved. If the genus of the curves G n 
corresponding to lines in 2' is p, then p is said to be the genus of the trans- 
formation. 

Furthermore, the fact that two points, X and X, in 2 correspond to the 
same point Y in 2' establishes an involutorial correspondence between these 
two points. So that, connected with every (2, 1) correspondence between the 
two planes 2 and 2', there is an involution T n in the plane 2. We shall speak 
of the two points X and X, which are the images in 2 of the same point Y in 2', 
as conjugate points. The image in 2 of a curve in 2' may consist of a single 
curve, self-conjugate, that is, bearing both sets of points X and X; or may 
consist of two curves conjugate to each other, one being the locus of X and the 
other the locus of X. 

In every (2, 1) correspondence there will be a curve £2 in 2 which is the 
curve of coincident points ; it is the locus of points wherein X and X coincide. 
The corresponding points Y in 2' will also lie on a curve 12', the image of 12. 
We shall call it the limit curve. The points of 12 and 12' are in a one-to-one 
correspondence, and the curves are birationally equivalent and, therefore, of the 
same genus. It may happen that besides this curve 12 there are isolated coin- 
cident points, but no such points will appear in the present work. 

It will be useful in studying the curves 12 and 12' to think of the point pairs 
X and X on Q. as approaching coincidence. As the conjugate pairs approach 
coincidence on 12, every pair does so in a definite direction, which is called the 
principal direction for the given point on 12. A self-conjugate curve will cut 12 
in the principal direction, and so corresponding to such an intersection the image 
in 2' would make a simple passage across 12'; but if a curve in 2, not self- 
conjugate, should cross 12 in a direction not the principal direction, then its 
image in 2' would touch 12' at the corresponding point. In particular, a random 
line in 2, which cuts £2 a times (a being the order of £2), will have an image 
in 2' which touches £2' o times. This can be seen as follows : Such a line or 
curve cuts the curve O. regarded as two curves 12 and 12, just becoming coin- 
cident, in two points that are not conjugate, because of which the image in 2' 
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must contain the two points on ft' corresponding to these two non-conjugate 
points in 2. That is, the image in 2' must be tangent to ft'. On the other 
hand, the image in 2 of a curve C in 2' which touches ft' at a certain point, 
must have a double point at the corresponding point on ft. For, by considering 
the part of the curve C near the point of tangency as cutting ft' in two points 
which are approaching coincidence, we have the image of C in 2 cutting ft in 
two directions at two points that are approaching coincidence. So that in the 
limit we have C tangent to ft' while its image goes through the corresponding 
point on ft twice. This double point may either be an ordinary double point 
on a self- conjugate curve in 2 or be an intersection of the two conjugate 
curves that compose the image of C. If a non-self-conjugate curve in 2 should 
cut ft in the principal direction, its image in 2' would have a cusp at the corre- 
sponding point on 2', while if such a curve has contact of any order with ft 
at a given point, the image in 2' must have contact of twice that order at the 
corresponding point on ft'. Again, if a curve has three-fold contact with the 
limit curve ft', the corresponding curve in 2 has a cusp on ft with the tangent 
to ft as the cuspidal tangent.* 

This correspondence between the simple plane and the double plane requires 
that the system of curves C n in 2 corresponding to the doubly infinite system of 
lines in 2' shall form a net. Two points in 2' determine a line ; then two pairs 
of conjugate points in 2 must determine the corresponding C n . But since, in 
general, the C n will be a self-conjugate curve, two points, one of each pair of 
conjugate points, will insure that the C n goes through all four and so fix the 
curve. Also, there must be only two variable intersections for two curves C n , 
the two conjugate points corresponding to the intersection of the two lines in 2'. 
So that the intersections of the two curves C n at the fundamental points must 
total n 2 — 2, and we have the formula 

n Xa i i z = n 2 — 2, (1) 

4=1 

in which a indicates the number of i-fold fundamental points and the summation 
includes all possible orders of multiplicity. 

It would be impossible for every curve of the net to have a double point 
outside of the fundamental points, for, if so, all the curves corresponding to a 
certain pencil of lines in 2' would have the same double point and we would get 

* For these and other theorems, see reference to de Paolis on p. 291. 
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four variable intersections, in contradiction to formula (1). Hence the maximum 
number of double points possessed by all curves of the net will be that to which 
the multiplicities of the fundamental points are equivalent. We have, therefore, 
the following formula for the genus of the transformation: 

_ (n — 1) (n — 2) v * (•' — 1) /o\ 

i=i 
Let us see how these formulas (1) and (2) affect the determination of a curve 
of the system. By subtracting (2) from (1), multiplying the result by 2 and 
adding to (2), we get the result 

fa t i J^ = n J^±V-3 +P . (3) 

i=i 

From this we see that when p = Q, the fundamental system determines a web of 
curves to which the net considered belongs ; that when p = 1, the fundamental 
points are exactly sufficient to fix the net; but that when |>>1 a net is not 
established by the fundamental system, and can be gotten only by imposing 
extra conditions upon these points. Very little has been done in (2, 1) corre- 
spondences for genus greater than one. 

A number of other formulas will be used in the work to follow. Two 
straight lines in 2 will each have an image in the involutorial transformation T n 
of order N, which is connected with the given (2, l) transformation. Each line 
cuts the image of the other line in N points, which 2N points must make up 
N pairs of conjugate points. The intersections, then, of the images of these two 
lines in 2' in the transformation T %x must be made up of the intersections at the 
fundamental points in If, of N intersections at points corresponding to the 
N pairs mentioned above, and of one intersection corresponding to the inter- 
section of the two lines in 2. That is, 

n 2 = "Xajf + N+l, (4) 

aj being the number of /-fold fundamental points in 2'. 

Again, denoting by $ the class * of the involution T n , that is, the number 
of pairs of conjugate points on an arbitrary line in 2, we know that every curve 
C' n , the image in 2' of a line in 2, must have h double points outside of the 

* Caporali : •< Sulle trasformazioni univoche piane involutorie," Rendiconti delV accademia di Napoli, 1879, 
pp. 218-219. Also: "Memorie di Geometria," Napoli, 1888, pp. 116-125. 

37 
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fundamental points. Therefore, since the curves CI are rational, we have for 
class of T u the formula 

a = (n-Q(n-2) _V? /(/ -l ) a ,^ (5) 

Z ~~ 2 

3=1 

Further, a line in 2 must cut its image in the involution T n in N points. 
Evidently these N points must be made up of coincident points; that is, inter- 
sections with the curve of coincident points £i and the points of the h pairs of 
conjugate points lying on the given line. Whence, denoting the order of D. by a, 
we have the relation 

N=a> + 2$. (6) 

By means of these formulas it is seen that there are just enough conditions 

on the curves C' n in 2' to establish the net. The fundamental system imposes 

n-l . . . x 

2, a 'j n conditions, the w tangencies of €„ with IX' impose a con- 

3=\ 

ditions, and the <5 double points impose h conditions. Thus in all there are 

S a i o + « + 5 conditions. By means of (4), (5) and (6) this expression 

reduces to , , „, 

2 ~ 2 - 

It is also to be noticed that the curve of coincident points £2 is a part of the 
Jacobian of the net of curves C n . The curves C n corresponding to lines of a 
pencil with center P' on fl', being self-conjugate in general, will pass through D. 
at the point P corresponding to P' on £1' in the principal direction; in particular, 
the curve O n corresponding to the tangent to Df will have a double point on il. 
The fact that II is a part of the Jacobian of the net of (7„'s, as well as the 
character of the rest of the Jacobian, may be seen in another way. Eliminating 
N from (4) and (6), and eliminating 2y 3 aJ and 8 from the resulting equation 
and (5), 

m-l 

2 jaj + = 3(n— 1). 

But 2/aJ represents the totality of. fundamental curves in 2 corresponding to 
fundamental points in 2', and a is the order of £1 and 3 (n — 1) is the order of 
the Jacobian of the net of C^'s. Therefore, the Jacobian of the net of C n 's in 2 
is made up of the curve of coincident points and the system of fundamental 
curves in T 21 . 
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The order of the limit curve II' in 2' may now be derived. The Jacobian 
has a (3 i — l)-fold point at an i-fold fundamental point.* Hence, a C n will cut 
the Jacobian outside the fundamental points in the following number of points: 

3 (« — 1) n — 2 (3 i — 1) i .<x t . 

i=l 

If now we solve equations (l) and (2) for X a 4 * and substitute its value, and also 
the value of 2 a. t i 2 from (1) in the expression just obtained, we find the number 
of intersections of C n with the Jacobian outside of the fundamental points to be 

2(p+ 1). 

But we know here, as in the case of the (1, l) correspondence, that the curve C n 
can not cut the fundamental curves outside of the fundamental points; whence, 
it follows that O n must cut H in these 2 (p -J- 1) points. This means that in the 
involution of conjugate points on a self-conjugate C n there are 2(p-|-l) double 
points. But, further, since to every one of these 2(/?-f-l) intersections there 
corresponds in 2' an intersection of £1' and the line corresponding to C n , and 
since there can evidently be no other intersections of the line and IX', the order 
of IV must be 2 (p -f- 1). 

II. Synthetic Procedure. 

Take a curve of the n-\.\x order, O n , with an (n — 2)-fold point at the point 
l n _ z ; a curve of the (n — l)-th order, O n _ 1 , with an (?i — 3) -fold point at 1 M _ S ; 
and two lines, l x and l z , through the same point, 1„_ 2 . Then the equation 

X G n + (j. l x O n _ x + v ? a C n _ x = (1) 

represents a system of curves of order n, having an (n — 2)-fold point in common, 
and passing through all the other intersections of C n and C n _ 1 . The basis points 
then consist of one (n — 2)-fold point, and of simple points to the number 

n (n — 1) — (w — 2) (n — 3) = 4 n — 6. 
The conditions imposed on a curve C n of the system at the fundamental points 

amount to 

i ( n — 2) (n — 1) + 4m — 6 = i {n % + 5 n — 10), 

and the difference between this number and the total number of conditions 

completely determining a curve of order n is 

i(n ! +5« — 10) — § n{n -f- 3) = n — 5. 

* Nichols: "On Certain Jacobians," Math. Mev., Vol. I, No. 1, p. 67. 
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In particular, if n = 2, equation (1) will represent a web of conies; if n = 3, 
a net of cubics. But, in general, when n > 3, in order to have the degrees of 
freedom represented by the parameters in the equation, n — 3 of the An — 6 
simple fundamental points must be determined by the others. That is to say, 
only Sn — 3 of the simple fundamental points can be taken arbitrarily. This 
agrees with the statements made previously that when, in the system of curves 
in the simple plane of the (2, l) correspondence, p^>l, extra conditions must be 
imposed upon the points of the fundamental system; for, assuming that the 
curves of order n have no multiple points other than the (n — 2)-fold point, 
their genus is 

\ (n — 1) (n — 2) — \ (n — 2) (n — 3) = n — 2, 

and when n > 3, p > 1 . 

The intersections of two O n 's of the special net (1) at the fundamental points 
amount to (n — 2) 2 +4n — 6 = n z — 2 simple intersections. It is therefore 
a non-homoloidal net, each pencil contained in it having two variable basis 
points. This can be seen by substituting the coordinates of some point in (1) 
and eliminating one of the parameters X, p, or v, by means of the resulting 
equation. The result is a pencil of curves of order n through n 2 — 1 points. 
But such a pencil has n z points in common ; hence, the choice of the first point 
of the pencil determines a second point. There is, then, connected with the 
net (1) an involution of points throughout the plane. These pairs of points 
may be considered the images of single points in another plane. 

The net of curves of order n, (1), generates an involution of points in the plane 
and establishes a (2,1) correspondence between the points of its own and another plane. 

To find the order N of the involution T u consider two arbitrary lines of the 
plane and two pencils of curves C n . Through any point X of the first line 
pass a curve of the first pencil. This curve cuts the second line in n points. 
Through each one of these n points pass a curve of the second pencil. Each of 
these n curves cuts the first line in n points. Associate these n z intersections 
with the original point X, In this way an (n 2 , n 2 ) correspondence is established 
between the points of the first line, and in this correspondence there are 
n z + n 2 = 2n 2 coincidences. Of these In 2 coincidences, n z are the n intersections 
of the C n common to the two pencils, each point counted n times ; 1 is the inter- 
section of the two given lines; (n — l) 2 are the n — 1 intersections of the C n _ x 
of the net, each counted n — 1 times, since any curve of the net having a point 
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on C„_j must have G n _ x as a part. There remain 

2n 2 — [n 2 + l + (n — l) 2 ] = 2n — 2 
coincidences. There are therefore 2 n — 2 points on each of the two lines such 
that two curves, one from each of the two pencils, intersecting at one of these 
points on the first line will intersect again at one of the points on the second line. 
That is, there are 2n — 2 points on the first line whose conjugate points in the 
involution lie on the second line ; which amounts to saying that the second line 
cuts the image of the first line in 2 n — 2 points. There/ore the order of the 

involution T n is 

N=2n — 2. 

The fundamental system of the involution T u may be investigated by the 
same methods. In order to find the multiplicity of the point 1„_ 2 on the C in _ z 
which is the image of a line in T u , take again two pencils of the net. Any 
curve of the first pencil will cut the line in n points. A curve of the second 
pencil through any one of these points will have n — 2 tangents at 1„_ 2 . The 
n curves of the second pencil each passing through one of the intersections of the 
curve of the first pencil with the given line will together have n(n — 2) tangents 
at l n _ 2 . By associating one of the tangents at l n _ 2 of the curve of the first pencil 
with these n 2 — 2n tangents to curves of the second pencil a (n 2 — 2n, n 2 — 2n) 
correspondence is formed among the rays of the pencil on l n _ 2 . This corre- 
spondence has 2n 2 — An coincidences. The C n common to the two pencils will 
furnish n(n — 2) of these coincidences, and the G n _ x of the net will furnish 
(n — l)(n — 3). There are left 

2«2_4?i — [n(n— 2) + (ra — l)(n — 3)] = 2» — 3 
coincidences. This means that there are 2n — 3 points on the given arbitrary 
line each having the property that the curves of the two pencils passing through 
it have a common tangent at l n _ 2 . That is, these two curves have an additional 
intersection at l n _ 2 and this additional point of intersection is the conjugate point 
in T n to the point on the given line common to the two curves. Therefore the 
image of the line in T n has a (2n — 3)-fold point at l n _ 2 and the fundamental 
curve corresponding to the point l n _ 2 is a curve of order 2n — 3. 

The multiplicity of the 4n — 6 simple fundamental points may be found 
in the same way. At one of these points the one tangent to a curve of the first 
pencil may be associated with the n tangents of the n curves of the second pencil 
and thus a (n, n) correspondence be established in the pencil of rays at the given 
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point. This correspondence will have In coincidences, of which n are due to the 
G n common to the two pencils and n — 1 to the G n _ t of the net. There is one 
other coincidence, whence it follows that there is only one point on the line 
whose conjugate point is at the simple fundamental point. The An — 6 simple 
fundamental points are therefore simple points on the (7 3 „_ 3 corresponding in T n 
to an arbitrary line, and the fundamental curves corresponding to these funda- 
mental points are straight lines. 

The system for fundamental curves for T n consists of a G Zn _ 3 and 4ft — 6 
lines. That this is the whole system is shown by the fact that the Jacobian, 
which comprises the totality of fundamental curves, is of order 
3 (2 n — 2 — 1) = 6 n — 9 = (2 ft — 3) + (4 n — 6). 

The multiplicity of the point l n _ 3 on its fundamental curve G 2n _ 8 may be 
determined by taking a line through 1„_ 2 . Then a G n of the first pencil cuts 
the line in two points outside of l n _ 3 . Through these two points there go two 
curves of the second pencil, having 2ft — 4 tangents at l tt _ 3 . A (2ft — 4, 2ft — 4) 
correspondence is thus set up in the pencil of rays at l n _ 3 having 4ft — 8 coin- 
cidences. Of these, 2 ft — 4 are due to the C n common to the two pencils and 
2n — 6 to the G n _ x of the net; and 1 to the given line, since the C n 's of the two 
pencils tangent to the given line at 1„_ 3 furnish a coincidence. There remains 

4 ft — 8 — [(2 ft — 4) + (2 ft — 6)+ 1] = 1. 
That is, there is one point on the given line outside of 1„_ 3 conjugate to l n _ 3 . 
1„_ 3 must therefore be a (2n — 4)-fold point on its fundamental curve G Zn _ s . 

If the line is taken through one of the simple fundamental points, it will 
determine the multiplicity of these points on the fundamental curve G 2n _ 3 . 
Take a line through l x . A G n of the first pencil cuts this line in ft — 1 points 
outside of lj. Through every one of these n — 1 points can be passed a G n of 
the other pencil, and these n — 1 C„'s will have altogether (ft — 1) (ft — 2) 
tangents at l n _ 3 . In this way a [(ft — 1) (n — 2), (n — l)(ft — 2)] correspondence 
is formed in the pencil of rays at 1„_ 3 , with 2 (ft — 1) (n — 2) coincidences. Sub. 
tracting (ft — l)(ft — 2) for the G n common to the two pencils, and (ft — 2)(n — 3) 
for the C n _ x of the net, there are left 

2 (ft — 1) (n — 2) — (ft — 1) (ft — 2) — (ft — 2) (ft — 3) = 2 ft — 4. 
Therefore, there are 2ft — 4 points on the given line outside of l t whose conjugate 
points are at 1„_ 3 , these points being intersections of the line with the funda- 
mental curve C 3n _ 3 . Hence, lj and all the other 4ft — 6 simple fundamental 
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points are simple points on C 2n _ 3 . This result was to be expected, since a line 
through l n _ 2 can not cut C 2M _ 3 in more than one point apart from 1„_ 2 . 

In order to find whether the fundamental lines corresponding to the 4n — 6 
simple fundamental points pass through l n _ 2 , P ass a ^ ne through 1„_ 2 . A C n of 
the first pencil will cut this line in two points outside of l n _ 2 , whence a (2, 2) 
correspondence will be established in the pencil of rays at one of the simple 
fundamental points. There are then four coincidences, two of which are due to 
the G n common to the two pencils, and two to the C n _ x of the net. There are 
no others, and hence there is no point on the line through l w _ 2 outside of 1„_ 2 
whose conjugate is at the simple fundamental point in question. Therefore, the 
An — 6 simple fundamental lines corresponding to the An — 6 simple points all 
pass through 1 H _ 2 . 

By taking the line through one of the simple fundamental points, it is seen 
that a fundamental line passes through its corresponding point. The line so taken 
through lj is cut by a C n of the first pencil in n — 1 points outside of the funda- 
mental point lj. There is then a [(n — 1), (n — 1)] correspondence in the pencil 
of rays at 1 1} which has In — 2 coincidences. These are completely accounted 
for by the n — 1 due to the G n common to the two pencils, the n — 2 due to 
the C„_! of the net and 1 due to the given line itself. Therefore, the point l x 
lies on its fundamental line. The An — 6 fundamental lines are therefore the 
An — 6 lines joining 1„_ 2 to the corresponding An — 6 fundamental points. 

The configuration of the fundamental system of the involution T u is now 
completely determined, and the results are consistent with the requirements of 
the Jacobian of the C 2n _ 2 's. The point 1„_ 2 is of order 

3(2« — 3) — 1 = (2n — 4) + (An — 6) 
on the Jacobian; and each of the An — 6 simple fundamental points is of order 

3 — 1 = 1 + 1. 

This involution of order 2n — 2 having one fundamental point of multiplicity 
In — 3 and An — 6 simple fundamental points is the perspective Jonquieres.* 
It is to be noticed that the order of the involution here established for any value 
of n is even. In the case of n = 3 the Jonquieres of order 4 is a special case of 
the Geiser in which six of the seven fundamental points lie on a conic. 

The Jacobian of the net of C n 's, (1), contains the G n _ x as a factor, for any 
ray of the pencil at l n _ 2 forms with the G n _ x a curve of the net, having double 

* See reference on p. 29S. 
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points at the intersection of the line with (?„_-, . It was shown also in Part I 

that the curve of coincident points of T u is a factor of the Jacobian of the net 

in T zl . This Jacobian is of order 3(n — 1), whence the curve of coincident 

points CI is of order 

3 (n — 1) — (n — 1) = 2 n — 2. 

This result may also be established from the fact that the order of CI in a per- 
spective Jonquieres is always equal to the order of the involution. Or it may be 
used to prove that the T n is a perspective Jonquieres, since in general, if the 
order of IX equals the order of the involution, the involution is the persective 
Jonquieres. * 

The multiplicity of 1„_ 2 on Cl is equal to the multiplicity of l n _ 2 on its 
fundamental curve, since every passage of (7 2 „_ 3 through l n _ 2 makes a coincidence 
of conjugate points. Also, since the Jacobian in T zl has a (3 (n — 2) — l)-fold 
point at l n _ 2 and G n _ x has a (n — 3)-fold point there, it follows that Cl has a 
3(» — 2) — 1 — (n — 3) = (2« — 4)-fold point. The same considerations prove 
that Cl passes once through each of the 4 n — 6 simple fundamental points. 
And, further, since a line through 1„_ 2 cuts Cl twice outside of l re _ 2 , a funda- 
mental line must be tangent to Cl at its corresponding fundamental point. 

The class of CI is found from Plucker's numbers to be 

n = (2n-2)»-(2n-2)-2( 2n - 4 > j 2n - 5) = 8tt-14. 

Subtracting 2(2n — 4) for the lines tangent at 1„_ 2 , there remain just An — 6 
tangents that can be drawn from 1„_ 2 to CI at outside points. The An — 6 
fundamental lines therefore make up this set of tangent lines. 

CI has no multiple points other than the one at 1„_ 2 ; it is hyperelliptic and 
is of genus 2n — 4. 

The fundamental system in the double plane 2' may be derived in the 
following way: Substituting in equation (4), Part I, 

2aj.y 2 = («-l) 2 . 

Substituting also in equation (6), Part I, 

8 = 0, 

which of course follows from the fact that involution T n is a perspective Jon- 
quieres and therefore of class zero. Also from equation (5), Part I, and the 

* Doehlemann : "Geometrische TranBformationen," II. Tell, p. 168. 
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above, 

2yO"-l)a,' = (fi-l)(n-2). 

Combining these results, 

2 a/ . j = n — 1. 

There is therefore in 2' one fundamental point l^_i of order (n — 1), and this is 
evidently the point corresponding to the fundamental curve C„_ 1 in 2. 
The limit curve XI' in 2' corresponding to CI is by Part I of order 

2(p + 1) = 2n — 2. 

In the case, then, of a (2, 1) correspondence with an associated Jonquieres 
involution, the orders of the involution, of CI and CI' are all the same. CI' must 
have a (2n — 4)-fold point at l' n _ x , for CI cuts C„_j at the fundamental points 
in (2n — 4)(«— 3) + (4« — 6) =2n z — 6n + 6 points and (2n — 2)(n— 1) — 2n 2 
+ 6« — 6 = 2n — 4. CI and CI' then have the same sort of a multiple point, 
and since neither can have other multiple points, their genus is the same, 
namely, (2n — 4); and their class is the same, 8n — 14. It was shown in Part I 
that the genus of CI is always the same as that of CI', since CI and CI' are bi- 
rationally equivalent. 

In order that a line in 2' may have as image in 2 a curve G n with an 
(n — 2)-fold point at l n _ 2 , there must be a fundamental curve C^_ 2 in 2' corre- 
sponding to 1„_ 2 . This Cns must have an (n — 3)-fold point at l^_j, since C n _ x 
has an (n — 3)-fold point at 1„_ 3 . Again, (7/,_ 2 cuts D.' outside of l' n _ x in 
(2w — 2) (n — 2) — (2 n — 4) (n — 3) = 4n — 8 points, and since all these must 
be points of tangencies, <7^_ 2 touches D.' outside of 1^_ 1 2ra — 4 times. The 
curve C n also passes through 4« — 6 simple fundamental points in 2, and this 
requires that there be 4« — 6 fundamental lines in 2' to correspond. Each of 
these lines must go through l^—i , since G n _ x passes through each of the corre- 
sponding points in 2. Each of these lines must touch CI' once outside of 1^ —1 , 
and since, as in the case of CI, there can be only 4n — 6 tangents from l4_i to CI', 
the fundamental lines make up this set of tangents. 

In this transformation the net, a curve of which is generated by a pencil of 
lines on an arbitrary point in 2 and their image curves in T u , and which then 
is the locus of conjugate points on the lines of the pencil exclusive of the coin- 
cident points on CI, does not appear, since the class of the involution T n is zero. 
Also the net, a curve of which is the envelope of the lines joining conjugate 
points on a self-conjugate C n , reduces to the point l n _ 2 . Again, the curve (E) 
38 
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which is the locus of pairs of conjugate points separated harmonically by two 
given lines, and which de Paolis finds to be of order N+ 1 and to have an image 
in 2' of order n with an (n — l)-fold point at l^_ x , is here of order 2n — 1 with 
an image in 2' of order n, having an (n — l)-fold point at l^_i - 

An arbitrary line I in 2 is transformed by T 21 into a curve G' n of order n 
with an (n — l)-fold point at l£_ lt and touching 12' In — 2 times. These 
In — 2 points are the images of the points of intersection of I and 12, or the 
points in which I cuts its image in T n , C 2n _ 2 . The conditions on such a C' n are : 
an (n — 2)-fold point at a given point and touching a given curve 12' in n — 2 
points, the points of tangency not being assigned. Since 

i(n — l)» + 2n — 2 = i«(n + 3) — 2, 

it follows that there is a double infinity of C"a corresponding to the double 
infinity of lines in 2. Of the n 2 points of intersection of two C"b there are 
(n — i) 2 at l^-i • The remaining In — 1 intersections are the images of the 
2 n — 2 point pairs in 2 which lie, one on the one line and one on the other, 
and the point of intersection of the two lines. 

A line I through 1„_ 2 goes into a C^ in 2' which is composed of the funda- 
mental curve Cn-z and a G 2 made up of a line V through l^_i counted twice. 
The Cn-2 touches £2' In — 4 times, and since the line through l n _ 2 cuts 12 in the 
principal direction, the image line I' in 2 through l£_ x cuts 12' twice. 

The fundamental line Z lf through l n _ 2 and its corresponding fundamental 
point l u goes into the fundamental C' n _ z and the corresponding fundamental line 
l[ counted twice. \ is tangent to £2 at l lf hence l[ touches £i!. There are 
4 n — 6 such lines. 

A line I through the fundamental point l x , but not through l n _ 2 , goes into 
a G' n composed of the fundamental line l{ and a C^ having an (n — 2)-fold point 
at l4_i • This Cn_! touches £1' in 2n — 3 points. When I goes through l n _ 2 
also, we have the former case, the C' n degenerating into the fundamental C' n _ z 
and the fundamental line l[ counted again. 

A line I through two simple fundamental points 1 1 and 2 1 goes into a G' x 
composed of the fundamental lines l[ and Z 2 and a Cl_ 2 with an .(« — 3)-fold 
point at l4_i and touching £2' 2n — 4 times. There are (2n — 3) (4 n — 7) 
such lines. 

The image of I2 2rl _ 2 in 2' is a G 2n 2_ 2n made up of the fundamental G„- 2 
counted In — 4 times, the 4« — 6 fundamental lines and 12' of order ( 2 n — 2). 
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An arbitrary line in 2' has as image in 2 a self-conjugate G n of the original 
net. These (7„'s cut CI in 2(p + l) = 2n — 2 points outside of the fundamental 
points; hence the involution on one of these self-conjugate curves has In — 2 
self-corresponding points. 

But by Pliicker's numbers there can be drawn from the point 1„_ 2 to G n 

n 2 — n — (n — 2) (n — 3) — 2 (n — 2) = 2 n — 2 

tangents. These self-corresponding points on G n are the 2 n — 2 points of 
tangency of the set of tangents from 1„_ 2 to G n , as well as the intersection of 
O n and CI. 

A line I' through the point l4_i has as image in 2 the fundamental G n _ t 
and a line I through 1„_ 2 . This line I then must be a self-conjugate line, as was 
already known from the character of the involution, and the two self-corre- 
sponding points of the involution on I are the two intersections of I with CI 
outside of 1„_ 3 . There is therefore a projective correspondence between the 
rays of the two pencils on 1„_ 3 and l4_i in which, as has already been found, 
the 4« — 6 tangents to CI correspond to the 4n — 6 tangents to CI'. 

A line I 1 tangent to Q! at one point has as image in 2 a G n with a double 
point on £l corresponding to the point of tangency on £i! . In the case of the 
An — 6 fundamental lines in 2 corresponding to the tangent lines through \' n _ u 
the intersection of the fundamental G n _ x and the fundamental line at its associated 
fundamental point counts as the node. 

The number of bitangents to CI' is 16 (n — 2) (2n — 5). The images of 
these bitangents in 2 have two double points on CI. 

There are also 18 (n — 2) stationary tangents to CI' each of which has as 
image in 2 a O n with a cusp on CI, the cuspidal tangent being also tangent to CI. 

If there should be a contact line, that is, a line touching Xlgn-z a t all their 
common points, an (n — l)-fold tangent, the corresponding C n would have 
n — 1 double points on CI. But the genus of C n is n — 2 ; hence the image 
of a contact line must break up. Suppose its factors are G s and G n _ s , where 

/ty in -I M "1 

n — 1 >s> - , n even, or n — 1 > s > — ~ — , n odd. The conditions necessary 
2 2i 

to fix these two parts, C s and G n _ s , are 

s (s + 3) , (n — s)(n — s + 3) 
2 + 2 

This is less than |n(«-r-3), the number of conditions necessary to fix the C n 
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in general. But on p. 297 it was found that the conditions imposed upon a 
self-conjugate C n of the net are 

|i«(„+3), 

according as n = 5. Therefore, when n > 5, if the G n is to break up into two 
conjugate curves G g and G n _ s , the fundamental points must lie on one or both 
of these curves to a number greater than that sufficient to fix the part. That is, 
the possibility of getting (n — l)-fold tangents to D.' depends on the configuration 
of the fundamental points in 2. 

If a G n of the net breaks up into a G n __ x with an (n — 2)-fold point at 1„_ 2 
and passing through Zn — 5 simple fundamental points, and a C x containing 
the remaining n — 1 simple fundamental points, then by taking the images of 
these two curves in 2' it is found that each has as image besides fundamental 
curves a straight line, and that further it is the same line for both, and that it is 
an (n— l)-fold tangent to IX' . Again, if the G n breaks up into a C„_ 2 with an 
(n — 3)-fold point at 1„_ 2 and passing through Sn — 7 simple fundamental 
points, and a G 2 passing through l n _ 2 and n + I simple fundamental points, 
by taking the images of these two curves in 2' it is found that each has besides 
fundamental curves a line which is an (n — l)-fold tangent to CI'. These two 
curves, then, the C„_ 2 and the G 2 , make up the image of an (n — l)-fold tangent 
line to £1'. In the same way it is found that a C n _ 3 with an (n — 4) -fold point 
at l n _ 2 and through 3n — 9 simple fundamental points, and a G s with a double 
point at 1„_ 2 and through n + 3 simple fundamental points, would be the image 
of an (n — l)-fold tangent line to CI'. If n is even, the last possibility is when 

the C n breaks up into two curves of order - . Two such curves, each having an 
T~ — 1 Vfold point at l n _ 2 and each passing through Zn — 5+2 (^ — = 

In — 3 simple fundamental points, make up the image of an (n — l)-fold 
tangent to IX'. If n is odd, the last possibility is when the G n breaks up into 

a <Vi with an (J—— — 1 Vfold point at 1„_ 3 , through 3n— U-f 2(^i — 1)~| 

= 2n — 2 simple fundamental points, and a G n ^ with an (^— ^ —iVfoid point 

and through In — 4 simple fundamental points. These compose the image of 
an (n — l)-fold tangent to fl'. These results may all be checked by computing 
the number of intersections with II outside of the fundamental points. For 
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example, in the last possibility, n even, C„ cuts I2 2n _ 2 outside of the funda- 

_ 

mental points in 

5(2»- a )_(?_i)(s»-4)-(a»-8) = »-i 

points. 

Similarly, in every set of possible curves obtained in the above way to make 
up a degenerate G n each part will be found to have n — 1 intersections with II 
outside of the fundamental points. The two parts of the G n must have these 
n — 1 points on II in common, since each curve bears one of the conjugate 
points, and the corresponding line in 2' must touch 12' at each of the n — 1 
corresponding points. 

Since the G n of the net is the image of a line in 2', the image in 2 of a conic 
in 2' will be a G 2n having a (2n — 4)-fold point at l n _ 2 and double points at the 
An — 6 simple fundamental points. If the conic G 2 in 2' is a contact conic, 
that is, if the conic touches Xl 2 „_2 2« — 2 times, the corresponding G 2n must 
have In — 2 double points on XI. The G 2n then has at the fundamental points 
and on XI, in all, 

J(2n—4)(2n— 5) + 4n— 6 + 2n — 2 = J(2n— l)(2n — 2)+l 
double points, which is one more than a proper C 2n can have. A G 2n , therefore, 
which is the image of a contact conic G 2 \ must break up into two parts, each 
part bearing one of the conjugate points. 

If one of the parts of the degenerate C 2n is a line C 1} this line can not pass 
through 1„_ 2 , for in that case it would be self-conjugate. Suppose that G 1 goes 
through x simple fundamental points. For the intersections of G x with £l 2n _ 2 

(2n — 2). 1 = jc + 2rc— 2; 
whence x = 0. The other factor, therefore, of the C 2n must be a G 2n _ x with a 
(In — 4)-fold point at \ n _ 2 and with double points at the 4w — 6 simple 
fundamental points. But then the C 2 «-i would have 

i(2n— 4)(2n— 5) + (4»— 6) = |(2n — 2)(2n — 3) + 1 
double points, or one more than a proper G 2n _ x can have. It follows that a 
contact conic can not have an image in 2 one part of which is a straight line. 

Next, suppose that the G 2n is composed of a C 2 and a C 2n _ 2 . If the G 2 
does not pass through l n _ 2 but goes through x simple fundamental points, com- 
puting intersections of G 2 and Xi 2n _ 2 as above, 

x — 2(2n— 2) — (2n— 2) = In — 2. 



308 Boyd : On the Perspective Jonquieres Involutions 

The (7 2ji _ 2 must then have a (2n — 4) -fold point at 1„_ 2 , pass simply through 
2 n — 2 simple fundamental points and have double points at the remaining 
In — 4. On computing the intersections of C 2 „_ 2 aia & ft> w -2 it is found that 
Csn-z cuts Cl 2n _ 2 in 

(2n — 2) 2 — [(2n— 4) !! + 2(2n— 4) + (2n — 2)] =2n — 2 

points outside of the fundamental points. These 2 n — 2 points must be the 

same as the In — 2 intersections of G z and ft and correspond to the 2n — 2 

points of tangency of G 2 ' and £1'. Counting the double points of C 2n _ 2 , 

i(2n — 4)(2n — 5) + 2w — 4 = i(2n — 3)(2n — 4), 

which is the maximum number possible for a unicursal (7 2n _ 2 . These facts are 
therefore consistent and it is possible for a contact conic in 2' to be so represented 
in 2. This will be found to be the only possibility when one factor of the G 2n 
is a conic. 

In general, if one factor of the image of a contact conic is a C s with an 
(s — 2)-fold point at 1„_ 2 , where 2<s<rc, and having simple points at x of the 
An — 6 simple fundamental points, and double points at y of these simple 
fundamental points, from the intersection of G s and £l 2n _ 2 it is found that 

x + 2y = s(2n — 2) — (s — 2)(2n— 4) — (2n— 2) = 2ra+2s— 6. 

Since y<s — 2, s — 2 being the number of double points which C s may have 
outside of l n _ 2 , a?< 2n — 2. The other factor of the image of the given contact 
conic must be a (? 2n _ s with a [(2n — 4) — (s — 2)]=(2n — s — 2)-fbld point 
at 1„_ 2 , passing through x of the simple fundamental points simply, and through 
An — 6 — x — y doubly. The number of intersections of G 2n _ e and fi 2n _ 2 
outside of the fundamental points is 

(2n — s)(2n — 2) — {In — s — 2)(2rc — 4) — x — 2(4n— 6—x — y) 
= x-\-2y— 2s + 4 = 2n — 2. 

The difference between the maximum number of double points possible for 6 2n _ s 
and the number required at the fundamental points is 
i(2» — *— l)(2w — s — 2) — \{2n — s — 2)(2n — * — 3) — (An — 6 — x — y) 
= a + y -f 4 — In — s=2n+2s — 6 + 4 — In — s — y = s — 2 — y. 

But y < s — 2 ; therefore, « — 2 — y > and the requirements placed upon 
the C Zn _ s in regard to double points are possible. Two curves, therefore, C s and 
C 2?v _ s , meeting the above conditions will compose the image of a conic (7/ 
touching £1' In — 2 times. 
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When the contact curve in 2' is unicursal, it can be stated in general that 

its image in 2 must be a degenerate curve of two factors. Such a curve C k has 

§(& — \)(k — 2) double points, each one of which has two double points on the 

image C nk to correspond. The total number of double points on C nk is therefore 

J (nt— 2k)(nk— 2k — l) + §(£» — k){in~ 6) + (k~ l)(k — 2)+Jc(n — 1) 

= |(n&— l){nk — 2)+ 1. 

Hence the C nk) having one more double point than the maximum number 
possible for a proper C nk , must break up. 

III. Analytic Procedure. 

The curve C n of the net in 2 having an (n — 2)-fold point at (0, 1, 0) 
will have an equation * 

*» = x\ <jV_ 2 (as) + x 2 $„_! (as) + 4> n (x) = 0. 

The fundamental curve £„_, with an (n — 3)-fold point at (0, 1, 0) will have 

as its equation 

V M _i = x\ ^ n _ 3 (as) + x % 4-„_ g (x) + ^„-i (») = 0. 

In these equations the functions $ and 4- are homogeneous expressions in x x and 

x 3 of order indicated by the subscripts. The two lines through (0, 1, 0) may be 

taken as 

Xi = 0, cr 3 = 0. 

The net of C n 's may now be represented by 

^3>» + li sh %-x + v x s %_, = 0. 

The Jacobian of this net has the equation 

*1, *X*l + % ^3*1 

<t> 2 , x,%, x 3 % - 0, 

4> 3 , «!*„ 2-3*3 + 1' 

where now the subscripts indicate partial differentiation with respect to the 
corresponding coordinate. Simplifying, 

*i«* I *i, %, % I + *i* I *i, % I + *3* I «i, % I + V 2 
= «P [*, | *!, * 3 1 + x s I <D 3 , % 1+ «D 3 f] = 0. 

The locus of double points for the net of C n 's is therefore made up of ?„_! and 
a curve of order (2m — 2), which from Part II is known to be the curve of coin- 



* In the work to follow any function F k iu lt b 3 ) will be abbreviated to F k {u). 
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cident points, GLm-z, f° r the associated perspective Jonquieres involution. The 
expression for II above seems to show that the curve has a (2n — 5) -fold point 
at (0, 1, 0), but, on expanding, it is found that the terms containing x\ dis- 
appear, whence the curve has a (2n — 4)-fold point at (0, 1,0), as is known 
(from Part II) to be the case for D..* Since the Jacobian has a 2 -fold point at 
each of the in — 6 simple fundamental points and f n _j has simple points there, 
it follows that £i% n - 2 must go through each of them once. 

(a) Equations of T n . 

Since the character of the part of the Jacobian £t 2n _ 3 is known, it may now 
be written in the simpler form 

*l %n-i (») + x % 02»-3 (») + 3 »-2 (») = 0, (1) 

and from this the equations of transformation for the involution T n may be 
derived. The equation of any line through the point O (0, 1, 0) may be written 
x x + kx 3 = 0. Substituting the coordinates of a point on this Hue, P(a, b, c), 
and eliminating Tc, the equation becomes 

x 1 = x 3 ~. (2) 

Now the image of P, P (a, b,c), in T n is the harmonic conjugate of P with 
respect to the two intersections of OP and £i, these two intersections being the 
self-corresponding points in the involution on the line OP. To find these inter- 
sections substitute the value of x x from (2) in (1) : 

x 2 Vsn—i ( ~ X 3i X 3J i x 2 "%n-3 (~ x 3) X 3J T" "zn-2 [z X St X 3J = 0. 

Simplifying, 

*S G% 02«-4 K c ) + X 2 X 3 o 02»-S («, o) + x\ 6 2n _^ (a, c) = 0. (3) 

Let the two roots of this quadratic equation in — be r x and r 2 and call the 

two points common to OP and £1 determined by r x and r 2 , R and 8. Join the 
points P,B,S and P (a, b, c), the conjugate point of P, to 5(1,0,0). Then 
the equations BF, BP, BR, BS are respectively 

c x 2 — b r 3 = 0, cx% — b x 3 = 0, 

x 2 f\ X 3 = 0, 35 3 V% 2% = 0. 

* See reference to Nichols, p. 297. 
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In order to find the condition that these four lines shall be harmonic, represent 
the equation of BR as u = 0, and the equation of BS as s = 0. Then 

x % — rj x s = u, x z — r z x s = s, 
and subtracting, 

and solving for x z , 

r 

r z — n 

Substituting these values for x z and x 3 in the equations of BP and BP, 

b — r,c b — r, c 
u = — . s , u = - ~ . s . 

b — r z c b — r z c 

These are the equations of BP and BP referred to the lines BR and BS. 
If BP and BP are harmonically separated by BR and BS, 

b — rjC b — r x c . 

b — r z c b — r z c 

whence 

Zr^cc+lbb — fa + r z )(bc + be) = 0. (4) 

But from (3), 

y ... r — , Ognr-tfac) . y „ — ^n-aKc) 

ri + r " - c 2tt _ 4 (a, c) ' r * r « ~ c* 2n _ 4 (a, o) " 

Substituting in (4) and clearing of fractions, 

5 [2 b c 2n _ 4 (a, c) + c 2n _ 3 (a, c)] + c [2 2)l _ 2 (a, c) + 6 2 »- 3 («, c)] = 0. 
This is the condition that P be the harmonic conjugate of P with respect to S 
and R. For the equations of transformation, then, connecting any two con- 
jugate points of the plane, (a, b, c) = (x 1} x z , x 3 ) and (a, b, c) = (x\, x z , i 3 ), 
this last relation gives 

* 2 = 2 2n _ 2 (a;) + x z 2 „_ 3 (a;), 
«3=—x s [2 x z 2n _ 4 (x) + 2n _ 3 (»)], 

the second of which gives, since x, = x\ — , 
° ' £c 3 

i x = — Xl [2 « 2 2n _ 4 (x) + 2 „_j (a;)]. 
The image in T u of the line 

a, »j + a 2 a% + a 3 i 3 = 
39 
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is therefore the curve whose equation is 

— <*! «! [2 sc 2 2n _ 4 (as) + 2n _ 3 (a;)] + 2 a 2 2n _ 2 (a;) + a 2 x z 2w _ 3 (as) 

— a 3 a; 3 [2 ar, 2 „_ 4 (as) + B Zn _3 (x)] = ; 
or 

2 a- 2 [a! x y + a a as 3 ] 2n _ 4 (as) + [a x x x — a z x 2 + a 3 as 3 ] 2 „_ 3 (x) — 2 a 2 2n _ 2 (a) = 0. 
This is seen to be a curve of order (2n — 2) having a (2n — 3)-fold point 
at (0, 1, 0). 

Arranging the terms in this last equation according to the parameters 
a 1} a % and a s , the net of C 2ra _ 2 's may be written 

a x x x © — a 2 X + a 3 x s © = 0, 
where 

© = 2 as 2 2n _ 4 (as) + 2 „_ 3 (»), 
and 

X == 2 2 „_ 2 {x) + as 2 2n _ 3 (a;). 

The Jacobian of this net is 

*!©! + ©, — X,, ajs©! 

*i ©2 > — X 2 , as 3 @ 2 = 0. 

a5!©3, — X 3 , a- 3 ©3 + @ 

Simplifying, 

©|> 3 |X 2 ,0 8 | + as 1 |@ 1 ,X 2 | + ©X 2 ]=0. 

Expanding the expression in brackets, 

* 3 [X 2 ©a - X 3 ©J + x, [©! X 2 - 2 Xj + © X 2 = 0. 
Rearranging, 

X 2 [>!©! + as 3 © 3 ] - @ 2 [^Xi + as 3 X 3 ] + @X 2 = 0. 

From this, by Euler's Theorem, 

(2» — 3)X 2 © — (2n — 2)@ 2 X + ©X 2 = 0, 

or 

©X 2 — © 2 X=0. 

Substituting the values in this last equation, 

[2 x 2 2n _4 (as) + 2n _ 3 (a)] 2n _ 3 (a?) — 2 2n _ 4 (x) [2 2n _ 2 (a) + as, 2 „_s (x)] = 0, 

whence 

^In-3 (») — 4 2n _4 (as) 2 „_ 2 (a;) = 0. 

This equation is of degree (4n — 6) and contains no as 2 . It therefore represents 
4 n — 6 straight lines through the point (0, 1,0). The Jacobian of the net of 
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C 2n _ 2 s is therefore a curve of order (2« — 3) with the equation 

= 2 x 2 2?l _ 4 (x) + 2n _ 3 (a?) = 0, 
and 4n — 6 lines through (0, 1, 0) whose equation is 

0L-3 (a) — 4 2n _ 4 (a?) 2 „_ 2 (a) = 0. 
= is the fundamental C 2n _ 3 corresponding to the point (0, 1, 0), and the 
4n — 6 lines are the fundamental lines corresponding to the 4 n — 6 simple 
fundamental points. 

To show that the equation 

0!n-8 (») — 4 %n-i («) hn-% (») = 

represents the 4» — 6 tangents from (0, 1, 0) to £i, proceed by Joachimsthal's 
method. Substitute 

a^ = /1 .0 + {ix[, x 2 = % .1 -\- [ix 2 , x 3 = h.O -\- [ix 3 

in the equation of £l, (1): 

(X + fixiY6 2n _ i (fix[, (ix^) + & + y.x' 2 )Q 2n _ z {iix[, px' 3 ) + 2 „_ 2 (^aj{, px' 3 ) = 0. 

From this, 

fr + p xtf 0^.4 (x') + (l + px£)ii 2n _s (x>) + ft* 2w _ 2 (a/) = 0, 
whence 

^ 2 2 «-4 (a/) + * p [2 »J 2n _ 4 (a/) + 2n _ 3 (a/)] 

+ <" 2 [0 2 »- 2 (a 7 ) + ^i 2 2 „-* (a/) + * 2 2n -3 (*')] = 0. 

This is a quadratic expression in - , the discriminant of which, placed equal to 

zero, represents the system of tangent lines from (0, 1, 0) to £1. 

This system of tangent lines has then this equation, 
[2 x' z 2 „_ 4 (a') + 2 „_ 3 (a/)] 2 — 4 2n _ 4 (*') [0 2 n- 2 (a/) + x{* 2n _ t (a;') + z£ 2 „_ 3 (*')] = 0, 

or 

0L-3 (*) - 4 2 „_ 4 (*) 2 „_ 2 (a) = 0. Q. B. D. 

(b) Equations of T 21 . 

The equations of transformation between the simple plane 2 and the double 
plane 2' may be derived from the equation of the net, 

%$> + {ix 1 V + vx 3 V = 0, 
by placing 

l/i = ^V, y 2 = <&, y a = x 3 W, (V) 



(4) 
(5) 
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where (y lf y 2 , j/ 3 ) represent the coordinates of a point in 2'. Expanding, 

2/i — x i »S ^»-3 ( x ) + x i x z 4«- 2 («) + xi ^„-i («), (1) 

y v , — x\ $ n _ 2 (x) + »2 $ n -i (a?) + 4>„ (a;), ( 2) 

y 3 = as! x s ^n-3 ( x ) + «% x a 4v-2 (a) + a- 3 4v-i (»)• ( 3 ) 

Dividing equation (1) by (3) and (2) by (3), 

Vl — ^l 

y% x z 

}h-- g S ftn-2 («) + X Z frn-1 (») + <?>» (3?) 

2/s *3 [«i ^n-3 (as) + a: 2 4v- 2 (as) + 4>n-i («)] ' 

Substituting in (5) the value of ^ from (4), 

a?s 

j/2_ ^2/3 ' V 2/3 7 V 2/s y 

2/3 * 3 ["«» X3- 3 ^_ 3 (*, l) + X, Xr 2 *n-Z (^, + "V *_1 (^, 1 Yl 

L \y 3 ' ^y s y K Vs y J 

__ A y\ <K-2 (y) + a; 2 a? 3 y 3 ^> n _ l (y) + as§ ?>„ (y) 
2/s [* J 2/1 4v-3 (2/) + a- 2 a: 3 y 3 ^ n -z {y) + x l ^n-i (2/)] 
Clearing of fractions, 

X l bl 4>»-2 (2/) — 2/2 2/1 4-n-S (2/)] + X 2 X 3 [>8 <?>»-l (2/) ~ 2/2 2/3 4»-2 (2/)] 1 (gN 

+ »i l>» (y) — y% ^n-i (2/)] = o. J 

Solving, 

— [<Pn -i(y)— yAn-Ay)] 

f2„ =*= V [4>«-i(2/)— 2/24>„-2(2/)] 2 — 4 [» w - 2 (2/)— 2/2^-3(2/)] Q»(y) — WJVj (2/)] 
a; 3 2y 3 [^)„_ 2 (y) — 2/ a ^n-s(2/)] 

From (4), 

gl _ yi __ 2 2/1 [& t -2 (2/) — 2/2 ^»-3 (2/)] 

»3 2/3 2y 3 [>„_ 2 (y) — 2/2^3(2/)] 
The equations of transformation become, therefore, 

x i = 2 2/1 0™- 2 (2/) — 2/2^-3 (y)], 

SB, = — [<?>»- ! (2/) — 2/2^-2(2/)] I / ? j 

± V [^»- 1 (2/)—2/2^n-2(2/)] 2 — 4 [^-2(y)— 2/2^»-3(2/)] [t»(y)— 2/2^»-l(2/)] , 

a?3 = 2 y 3 1>™-2 (2/) — 2/2 <L (2/)] • 
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The image in 2', then, of an arbitrary line in 2, 

a x x 1 + a 2 x 2 + a 3 x 3 = 0, 

is 

± « 3 V l<p n -i (y)— yAn-%{y)Y— 4 0„- 2 (2/) —y^ n - s (y)] [>« {y)~ 2/2^1(2/)] 
+ i<hy3[<pn-z{y)— yAn-s (2/)] = o. 

Rationalizing, 

«! On-i (2>) — 2/ 2 ^„-s (2/)] 2 ~ 4 a% [>„_ 2 (y) — y 2 ^ n _ 3 (y)] [>„ (?,) — y z ^ (?/)] 

= 4«^ [$ n - z {y)-yAn-z(y)Y + <*l [<Pn-i(y)-yAn- z (y)Y 
+ ±<Ayl\_<Pn-z{y)—yAn-*{y)Y—i a i a zyi 0«~ 2 («/) — 2/2^-3(2/)] 

[<Pn-i (y) — yz -bn-z (y)] + 8 a a a 3 ?/j y 3 [>„_ 2 (*/) — # 2 ^„_ 3 (y)] 2 
— 4 a 2 a 3 «/ 3 [<?>„_! (2/) — y 2 ^„_ 2 (?/)] [> n _ 2 (?,) — y% ^„_ 3 (?,)] . 

Simplifying, 

fonHJ (2/) — 2/2 ^»-3 (2/)] [(«1 2/l + «3 2/s) 2 (<?>«-2 (2/) ~ 2/2 ^«-3 (2/)) 1 (gX 

— «2 («1 2/1 + «3 2/s) (<?>»-! (2/) — 2/2 4«-2 (2/)) + «i (<Pn (y) — y% 4>n-l (2/))] = o- J 

But equations (7) show that the first factor, 

<?>»-2 (2/) — 2/3 ^»-3 (j/) = 0, 

is the fundamental curve G' n _ z m 2' corresponding to the point (0, 1, 0) in 2. 
It is of order (n — 2) and has an (n — 3)-fold point at (0, 1, 0). 

The image in 2' of an arbitrary line in 2, 

a x x x + a 2 x % + a 3 x 3 = 0, 

may be obtained in the following way, in which the fundamental C' n _ 2 does not 
appear as a factor. Dividing by x 3 , 



Substituting — = ^ , 



a x ^ + a 2 ^ + a 3 = 0. 
sc 3 a; 3 



a i fr + a s rr + a 3 = °- 



2/3 ^3 

From this, 

x z — «i 2/i + «3 2/3 

*8 <*2 2/3 
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Substituting in (6), 

+ <Pn(y)— yAn-i{y) = Q- 

Whence, 

(«1 2/l + «3 Jfe)* 0»-2 (2/) —^2 ^»-3 (2/)] — C Z («1 2/1 + «3 Vs) [<?>»-! («/) ~ 2/2 4>„-2 (2/)] 1 . . 

+ oS[^»(y)— y 8 ^«-i(y)] = o. J 

This is the proper image C' n of an arbitrary line in 2. It is seen to be a curve 
of order n, with an (n — l)-fold point at (0, 1, 0). 

Equations (l') show that the coordinates of all points in 2 on the funda- 
mental curve <P render y 1 = y s = 0. Hence the image in 2' of *P is the point 
(0, 1, 0). A line through (0, 1, 0), 

2/i + ^2/3 = 0, 

is transformed by formulas (l') into x t $ + k x 3 f = 0, or into the fundamental *P 
and a line through (0, 1, 0), 

x x + k x 3 = 0. 

On the other hand, this line through (0, 1, 0) in 2 is transformed by formulas (7) 
into 

2 Vi On-2 (y) — 2/2 ^-3 (y )] + 2 h y 3 [> n _ 2 (y) — y 2 ^ n _ 3 («/)] = ; 
that is, into the fundamental curve and a line through (0, 1, 0), 

2/i + ^2/3 = 0. 

This shows the projective relation existing between the two pencils of lines 
in 2 and 2'. 

The equations of transformation (7) show that in general to a single point 
in 2' there correspond two points in 2 ; but that when the coordinates of the 
point in 2' are such as to reduce the expression under the radical sign in the 
formula for x 2 to zero, there is only one corresponding point in 2. The equation 
of the limit curve QJ is therefore 

[^-i(2/)—2/ 2 ^- 2 (2/)] 2 —4[<?)„-2(2/)— 2/2^-3(2/)] [<p n {y)-yAn-i{y)~\ =o. (10) 

This shows that QJ is of order (2n — 2) and has a (2n— 4)-fold point at (0, 1, 0). 
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Comparing equations (9) and (10), it is seen that the left side of the equation 
of G' n is a quadratic expression in {a l y l + a 3 y 3 ) the discriminant of which is the 
left side of the equation of ft'. Regarding (9) and (10) as simultaneous equations, 
it appears that at each of the points common to C' n and ft' there are two equal 

values for ^ . Therefore, the curves G' n and ft' are tangent at all their common 

2/3 

points. This same result may be gotten by regarding a lf a 2 , a 3 , in (9), as 
parameters and finding that the envelope of the C' n 's is the curve ft'. 

JoachimsthaPs method may again be used to find the equation of the 
4« — 6 tangents from (0, 1, 0) to ft' which, by Part II, are known to be the 
fundamental lines in 2' corresponding to the 4 n — 6 simple points in 2. 
Substitute in (10): 

y 1 = X.0-\- [ iy' 1 ; y z = "k . 1 + pyj; y 3 = l .0 + py 3 : 

On-i 0* y'i ,p y'z) — (* + v- y») +»-* yJ . p y'*)Y — 4 0»-2 0* y'u v- 2/3) 

— (x + fiy'^n-s Wu pyJ)] [<p n Wu f«yi) — O + mD V'n-i 0«yi, ftyi)] = o. 

Expanding, 

* Wn-Z (y') - 4 ^k-1 (y') ^-3 (2/)] + * /" [- 2 <?>„_! (2/0 4 re - 2 (2/) 

+ 4 <K_ 3 (2/') 4™-l (2/0 + 4 <?>„ (2/') ^„_ 3 (3/0 —8 y^n-l (y') ^n-3 (2/0 

+ 2*/^U(2/0] +^[^n-i(2/0-22/24»,-i(2/0^- 2 (2/0 + 2/^U(2/0 
— 4 <?>„ (2/0 <?>»-2 (2/0 + 4 2/2 4>»-2 (2/0 ^«-i (2/0 + 4 2/2 4>» (2/0 *«-« (2/0 

- 4 2/2 /2 ^n-i (2/0^-3 (2/0] =0- 

Equating the discriminant of this quadratic expression in - to zero, we 

obtain the equation of the 4 n — 6 tangent lines from (0, 1, 0) to ft', which 
compose the fundamental lines in 2' corresponding to the simple fundamental 
points in 2. 

IV. Surface Depiction. 

Consider the surface F n whose equation is 

*! [>«-2 00 — H i'n-Z («)] + H 0»-l («) — 2 2 ^ n _ 2 (2)] + [> n (2) — 2 2 4 n _! (z)] = 0. 

This surface has an (n — l)-fold point at (0, 1, 0, 0) and an (n — 2)-fold point at 
(0, 0, 0, 1); while the line % = 0, z 3 = is an (n — 3)-fold line. If the surface 
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is projected from the point (0, 1, 0, 0) upon the plane z z z=0, there is a one-to-one 
correspondence between points of surface and plane. 

In order to get the equations of transformation, represent any point on a 
line through (0, 1, 0, 0) and (z u z % , z 3 , z 4 ) on F n by the coordinates 

x x = X . + ft z x ; a; 2 = /l.l+(nz 2 ; a* 3 = X. .0 + [iz 3 ] ic 4 = /l.0 + ^z 4 . 
Let the point in question lie in the plane x z = 0. Then 

The coordinates of the point on the surface F n therefore, in terms of the co- 
ordinates of the point on the plane x 2 = 0, are 

*,_-; %---, *--, Zi -~. (1) 

Substituting in the equation of F n , 



or 



+A*-(*)+ l 4^-i(*)=o, 

or 

»S 0»-2 («) + * ^«-3 («)] + »4 0»-l (») + *■ 4—» (»)] + <?>» I ») + a ^ n _i (») = J 

whence 



«4 ^»-3 («) + »4 ^»-2 («) + ^n-l («) ' 

Now, by equations (1), 

z 1 :z z :z s :z i = ^: zi_ : ^ : ^ = « a : — x : a^ : « 4 . 
/i ^ ^ ^ 
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Substituting the value of — Jl, 

_ .. . „ . - ~~ . xt <Pn-z («) + Xi gg-i (a;) + <?>„ (g) . -. . ~ 
4 . z 2 . ^ . s 4 - x x . -j -j— {x) - - -j— (ic) - -j— ({b) .<*.«, 

= ajj [»1 ^»-3 ■(*) + *4 'J'n-a («) + 4-„-i (*)] : #4 $>„_ a (a) + x 4 4>„_ x (x) + <?>„ (a;) 

: 3-3 |>4 i'n-S (*) + *4 ^«-8 (») + ""JV-l (*)] 

: Xi \x\ ^ n _ 3 (x) + a 4 ^„_ 3 (») + ^„-i (a?)] • 

This gives the following formulas, by means of which the image on F n of a point 
on the plane x 2 = may be obtained : 

Z x = X x \x\ ^n-3 (X) + Xi 4> n _ 2 (x) +4>n-l («)] , 

z 2 — x\ $ n _ 2 (x) + Xi <?>„_! (a;) + $ n («), 

z 3 = a% [aj| 4-„-3 (») + xAn-z (x) + ^«-i («)], 

z 4 = a; 4 [sej ik-s (as) + a? 4 ^ re _ 2 (aj) + 4>n-i (a?)] . 



(2) 



From these equations or from equations (1) it is seen that 

%Y • ^3 • 2 4 — a?j • X3 • #4 . 

Hence the formulas fixing on the plane x 2 = the image of a point on the 

surface F n are 

ai = % ; x 3 = % ; a; 4 = z 4 . (3) 

Now project the surface F n from the point (0, 0, 0, 1) upon the plane z 4 = 0. 
Since the center of projection is an (n — 2)-fold point, there are in general two 
points on the surface corresponding to one point on the plane. Proceeding in 
the same way, represent a point on the line through (0, 0, 0, 1) and [z 1 , z 2 , z 3 , z 4 ) 
on F n by 

y 1 = ^.0 + {iz 1 ; y i = h.0 + pz i ; y 3 = %. + (iz 3 ; y i = ^.l+(iz i . (4) 

Then, if the point (y lf y 2 , y 3 , y t ) lies in the plane y k = 0, 

^ + ftzj = 0. (5) 

Solving now for z u z 2 , z 3 , z 4 and substituting in the equation of F n , 

y y=, *- (y) - ^ 2 *.- (2/)] - 1 y=i <Pn-> {y) - pr x 4> n - 2 (y)] 

40 
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Solving for — , — = 

-s=i 4»»-i (y) — -%h ^»-s (y) 

or 

<?>»-i (2/)— yAn-z(y) 
a _ ± \/[^> n _i(y) —y 2 ^- 2 (y)] 2 — 4 [4>»- 2 (y)—y 2 ^»-3(y)][^(y)— 2/2^-1(3/)] , 

<« 2 /* [> n _ 2 (y) — J/ 2 ^«-3 («/)] 

This, in connection with (4) and (5), gives the ratios 
% : Z2 : 23 : 24 = ^:^:^ 3 

$ n -i(y)—yAn-2(y) 
± V [4>«-i(y)— yAn-z (y)] 2 — 4 [4>»- 2 (y)— 3/2^-3(^)1 DMy)— 3/2^-1(3/)] . 

2 n* [4>„_ 3 ( ?/) — y 2 4-»-3 (3/)] 

whence 

2l : 2 2 : z 3 : % = 2 ?/! |>„_ 3 (3/) — 3/ 2 4„_ 3 (3/)] : 2 ?/ 2 [>„_ 2 (y) — y 2 ^„_s (3/)] 

: 2 3/3 [4>»-2 (3/) — 3/2 4-„- 3 (3/)] : — I>»-i (3/) — 2/2 ^»- 2 (3/)] 

± ^ [<?>»~i(3/)— 3/2^»-2(3/)] 2 — 4 [4>»-2(3/)— 3/2^-3(3/)] [<M3/)— 2/ 2 ^„-i(3/)]- 

These ratios give the following formulas for finding the two points on F n 
corresponding to a single point on the plane x t = : 



% = 23/1 0„_ 2 (3/) — 3/2^-3 (3/)], 

2 2 = 2 J/2 [>„-2 (3/) — 3/2 4»-3 (3/)] » 

% = 2 3/3 1>»- 2 (y) — 3/2 ^„-3 (3/)] > 

Z4 = — 0»-l (3/) — 3/2 ^»_2 (3/)] 

± V [^>„_i(3/)—3/24«- 2 (3/)] 3 — 4 [^-2(3/)— 3/2^-3(3/)] [4>» (3/)— yAn-i(y)]-. 

From these equations, or from equations (4), it is seen that 

z 1 :z 2 :z 3 = y 1 :y 2 :y 3 ; 



(6) 
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from which are derived the equations for passing from a point on F n to its 
image on the plane z i = 0, 

yi — ^i'y y 2 = 3 2 ; m = z s - 

This surface depiction upon the two planes z 2 = and z 4 =0 is now seen 
to connect the planes in a (2, l) correspondence, for a point on the plane z 4 = 
or 2' is projected from (0, 0, 0, 1) into two points on F n and these two points 
are projected from (0, 1, 0, 0) into two points on the plane z % = or 2. Pro- 
ceeding in the opposite direction, a point in 2 is projected into a single point 
on F n and this point is projected into a single point on 2' which, however, 
is at the same time the image of another point on F n and another point on 2. 
By a linear transformation any two planes may be related in the (2, 1) corre- 
spondence by means of F n . An examination of the equations obtained will 
show that the correspondence established between the two planes is precisely 
the one under consideration. 

The section of the surface F n made by the simple plane, z 2 = 0, is 

4 $n-2 (2) + «i <*>«-! (3) + <?>« (2) = 0, 

or 

»! $»-2 («) + «4 <?>»-i (a) + <?>» («) = 0. 
This is the curve of the net <£ w , the coordinates in the simple plane being now 
(«i, x 3 , Xi) and the (n— 2)-fold point being at (0, 0, l) or (0, 0, 0, 1). The 
fundamental curve 'P„_ 1 would now have the equation 

A 4»- 3 (as) + a* ^„_ 3 (as) + ^ n _ a (») = 0. 
But from (2) points satisfying this equation require that z 1 = z 3 =z i = on F n . 
Hence the image on F n of 1 9 n _ 1 in 2 is the center of projection (0, 1, 0, 0), 
which is to say that *P M _! is the section made by 2 of the tangent cone 
at the point (0, 1, 0, 0). 

The section of F n by the double plane, z 4 = 0, is 

*»(*) — *fe "&I-1 (a) = 0, 
or 

<Pn{y) — yAn-i{y) =0. 

This is one of the curves G' n of the net in 2' having an (n — l)-fold point at 
(0,1,0) or (0,1,0,0). Equations (6) show that if 

$ n -2 (y) — y% 4„- 3 (y) = 0, 

z 1 = z 2 = z s = 0. Therefore, the image of this curve, which is the fundamental 
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C„'_ 2 having an (n — 3)-fold point at (0, 1, 0, 0), is the point (0, 0, 0, 1); that is, 
the fundamental C^_ 2 is the section made by the plane 2 of the cone tangent 
to F n at the point (0, 0, 0, 1). Again, from equation (6) it is seen that when 
the coordinates of a point in 2' satisfy the equation of 12', 

\<!>n-i(y) —yAn-%{y)Y — ±\$ n =z{y) —yAn-%(.y)~\ [>, (y)— yAn-iiy)] = 0, 

then there is only one point corresponding to it on F n ; in which case the 
projecting line from (0, 0, 0, 1) must be tangent to F n . Therefore, the image 
on F n of the limit curve 12' in 2' is the curve of contact of the tangent cone 
to F n from the point (0, 0, 0, 1). 

An arbitrary line I in 2 is projected into a plane section K x of F n having 
an (« — l)-fold point at (0, 1, 0, 0). The corresponding curve in 2', CI, is pro- 
jected from (0, 0, 0, 1) into this plane section K x and another curve K 2 which is 
the image on F n of the curve in 2, C 2n _ 2 , conjugate to J in T u . The 2n — 2 
intersections of I and C 2n _ 2 on £2 correspond to the In — 2 intersections of K x 
and K % on the contact curve of the tangent cone from (0, 0, 0, l), which points, 
in turn, correspond to the In — 2 points of tangency of G' n with 12'. 

The pencil of planes on the line z 1 = 0, % = cuts out the two projective 
pencils of lines in 2 and 2', these projective pencils of lines being here in 
perspective position. Since the sets of conjugate points in 2 are collinear with 
(0, 0, 0, 1), the pairs of conjugate points on F n are co-planar with the line 
z i = °> % = °> aQ d collinear with (0, 0, 0, 1). The line % = 0, z 3 = is an 
(n — 3)-fold line on F"; hence the pencil of planes cuts out of F n a system of 
rational cubics, each having a double point at (0, 1, 0, 0) and a simple point 
at (0, 0, 0, 1) and each being self-conjugate, with the pairs of conjugate points 
collinear with (0, 0, 0, 1). 

To obtain the equation of a cubic of this system take a plane of the pencil 

2 3 = k Z x . 

Substitute in the equation of F n : 

+ $n (%, &%) — Zjj^-lG 3 !, hz l) = ° ; 

whence 
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Discarding the part of the intersection composed of the n — 3 straight lines, 
the residue is 

$n (*) *1 — ^»-l (*) ^l Z 2 + <?>»-l (&) 3? % — ^n-g {fy Zl % Zi 

+ $n-2 (&) ZA — ^n-S (&) % zf = 0. 

This cubic, cut out of F n by the plane of the pencil determined by h, is seen 
to have a simple point at (0, 0, 0, l) and a double point at (0, 1, 0, 0). 

The 4« — 6 planes of the pencil containing the An — 6 simple funda- 
mental lines in 2 and their images in 57 are the planes through the line z 1 = 0, 
z 3 = tangent to the cone which is tangent to F n from (0, 0, 0, 1). 

If the equations of the contact cone from (0, 0, 0, 1) and F n are treated 
simultaneously and the coordinate z 2 is eliminated, the equation of the cone 
through the contact curve and with vertex at (0,1,0,0) is obtained. From 
the equation of F n , 

z _ Z\ g „_g (z) + z 4 <? >«-i (z) + <? > „ (z) _ <i>(zi,z 4 , z 3 ) 

2 Z\ ^„_ 3 (z) + Z 4 -j'«_2 (z) + 4-»-l (Z) * (Zi, Z 4 , Z 3 ) ' 

Substituting in the equation of the contact cone, whose equation is 

|>n-l {Z) — Z 2 ^„-2 (Z)f — 4 |>„- 3 (Z) — Z 3 ^„_ 3 (Z)] |>„ (Z) - Z 2 "J/,,—! (z)] = 0, 

the result is 

0»-i 00 * (zi , z 4 , z 3 ) — <D ( Zl , z 4 , z 3 ) 4„_ 2 (z)] 3 

- 4 [>„_ 2 (z) f (zj , z 4 , z 3 ) - 4> (z 2 , z 4 , z 3 ) ^„_ 3 (z)] V (7) 

[4>« 0) * ( z u z*, %) — * (zi , *>*, zs) ^»-i (2)] = 0. 
Expanding and collecting terms, 

[2" $»-i ( 2 ) '•k-s (2) — zi 4>„_ 3 (z) <vj,„_ 2 (z) + 2 z 4 4>„ (z) ^„_ 3 (z) 

— 2 Z 4 <?>„_ 2 (Z) 4/ ]( _j (Z) + <£„ (Z) ^„_ 2 (Z) — #„_! (Z) ^_! (Z)] 2 = 0. 

This is the equation of the cone standing on the contact curve of the cone 
from (0, 0, 0, 1) and having its vertex at (0, 1, 0, 0). As is to be expected for 
the contact curve the equation of the projecting cone appears squared. Sub- 
stituting x's for z's according to formulas (3), the equation of £1 squared is 
obtained. The equation of £1 is therefore : 

«4 On-1 O) 4-„-3 (*) — 4>»-3 ( X ) ~4>n-2 («)] 

+ 2 a; 4 [«^„ (a;) i_ 3 (a;) - ^. 2 (x) i_i (x)] [ (8) 

+ l<l>n (*) 4<n-2 (*) - 4>«-l («) ^n-1 (»)] = 0. 
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This is seen to be a curve of order 2« — 2, with a (2n — 4)-fold point at 
(0, 0, 0, 1). This form of the equation for 12 gives the values of the functions 
2n -i, % n -z, ®2n-2 m terms of the functions ty and $ of the original net of C n 's, 
thus making it possible to state the formulas of transformation for T n in terms 
of the same functions appearing in the formulas for T 21 . That this last form 
for £1 is what would be gotten by transforming directly from 2' to 2 appears 
at once when the formulas 

2/1 = »!*, 2/ 3 = $, 2/3 = 3-3* 

are substituted in 12'. The image consists of the fundamental X V taken In — 4 
times and equation (7) in terms of x 1} x 2 , x 3 . This again reduces to equation (8). 



